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We derive a new recursion relation to obtain the Feynman diagrams of tlie Cornwall- Jackiw- 
ToumbouIis(CJT) effective action by using the functional derivative identities. By using this recur- 
sion relation we show the two-particle-irreducibility of the Feynman diagrams of the CJT effective 
action by induction. We apply the recursion relation to obtain the Feynman diagrams of the CJT 
effective action up to the four-loop order in case of the bosonic field theory. 
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The effective action plays an important role in studies of the vacuum instability, the dynamical symmetry breaking 
and the dynamics of composite particles[l] for the given particle physics model. Among the several schemes for 
the nonperturbative evaluation of the effective action, the CJT effective action[2] was widely used as a resummation 
scheme which gives a self-consistent loop expansion of the effective action while preserving the symmetry of the original 
theory. In case of the connected and the one-particle- irreducible (IPI) effective action, the recursive generation of 
the Feynman diagrams was obtained for the multicomponent (/)^-theory, QED and the scalar QED theories [3] [4] 
[5] [6] [7] [8] [9] by using the functional integral identities / Z?$ aTp-F'i^] = 0. In case of the CJT effective action which 
is the second Legendre transformation of the generating functional, the recursion relation was obtained by extracting 
the two-particle-irreducible (2PI) Feynman diagrams from the IPI effective action [10]. Since the Feynman diagrams 
of the effective action obtained from the n-th Legendre transformation of the generating functional are not always 
the n-particle- irreducible (nPI) Feynman diagram [11], obtaining the recursion relation by extracting nPI Feynman 
diagrams is not possible when n > 2. 

Recently, we have derived a new method to obtain the recursion relation for the effective action by using the 
fimctional derivative identity [12]. This method can be extended to the case of the effective action obtained from the 
n-th Legendre transformation of the generating functional and in this paper, we apply this method to the CJT effective 
action. In Sec. II, we derive the recursion relation for the CJT effective action. We prove the two-particle-irreducibility 
of the CJT effective action by using the recursion relation. Then we apply to the case of Feynman diagrams up to 
the four-loop order effective action for the bosonic field theory. In Sec. Ill, we give some discussions and conclusions. 

II. A RECURSION RELATION FOR THE FEYNMAN DIAGRAMS OF THE CJT EFFECTIVE 

ACTION 

In this section, we will first derive a recursion relation for the Feynman diagrams of the CJT effective action for 
the bosonic field theory with the classical action 



where 5™*[<I>] contains the higher vertices which appear in lattice regularization[13] as well as the cubic and the 
quartic interactions. In this paper, we use a notation where the capital letters contain both the space-time variables 
and the internal indices and the repeated capital letters mean both the integration over continuous variables and the 
sum over internal indices. For example, if the capital letter A contains a space-time variable x and the internal index 
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The generating functional W[J, K] is given by 



W[J,K] = -h\n / Exp[--{S[^] + Ja^a + 7^Kab<^>a^b)], 



(3) 
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where the external source Kab is symmetric under the exchange of the indices. The functional derivative of the 
W[J, K] with respect to the external sources are given by the classical field (p and the full propagator G as 

5W[J,K] ^ ^ 

= {<^a) = ^a, (4) 

= {^A^B) = MB + nGAB, (5) 



From (3) and (5) we can see that 



By inverting (4) and (5), one can obtain the functional J[(j), G] and K[(j), G]. Then the CJT effective action is given 
by the second Legendre transformation of the generating functional as 

r[.^, G] = W[J, K] - Ja<Pa - Ikab{Mb + nGAB). (7) 
From (4),(5)and (7), one can obtain the following relations : 

smG] 



S(f>A 

(5r[0,G] _ n 



Ja-Kab4'b, (8) 
Kab. (9) 



6Gab 2 
and from (3) and (7), we obtain 

exp{-ir[0,G]} = J D<i> exp{-i(5($) + Ja{<^a - M + ^^^($^$5 - Mb - hGAB))}- (10) 
By expanding the effective action r[0, G] around h, we obtain 

r[.^,G] = 5]ft'rW[</,,G], (11) 

1=0 

we can obtain the loop-wise expansion of r[^, G][14]. The first two terms are given by[2] 

rW[<A,G] = S[<P], r(i)[.^,G] = ^Tr In G-i - ^TrG{G-^ - D-^). (12) 

where 

d(pAO(pB 

Now consider the functional identities satisfied by the two sources J[(p,G] and K[(I),G] 

SJa He ^ SJa SGcd _ ^^^^ 

5(j}c SJb SGcd SJb 

and 

SKae S<j)c SKae SGcd _ , . 

Scl>c SJb SGcd SJb ~ ' ^ ' 
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By eliminating the term from (14) and (15), we obtain 

, 5 J A _ SJa . -1 i 

'Scf>c SGde ^^'^^ Scj>c 'SJb 



SJa 6Ja.-i SKpQ 5(j)c , . 

\T1 77^ — '^de.pq^i—)t^ = ^ab (16) 



where 

5Kab 2 (52r 



Mb, CD = 



SGcD h SGabSGcd 
We have used (9) in deriving the last line of the above equation. From (4) and (6), we can obtain 



5Jb SJcSJb 
Prom (8) and (9), we can obtain 



By substituting (9), (18) and (19) into (16), we can obtain 

6^T 2 6r 



54>aHi 

where 



Since F^^^ does not depend on G, A and 7 can be expanded around h as 



(17) 



^ - - -GcB (18) 



d(pA n oGab 



+ j^-^q^-'^^1a,de^d)i,pq1b,pq = -Gj^\, (20) 



_ 1 

1A,BC = TJl—Fri (21) 



^AB,CD = J2 ^'^AB,CD ^nd 7A,BC = ^'^A,BC (22) 



where 



Prom (12), we can obtain 



(=0 ;=o 



^AB,CD - "^sGabSGcd ^""^ ^^'^^ ~ 6cl>ASGnE ' ^^^^ 



^%,CD = -Ga'cGbd, ^a'A = - GacGbd and 7i%c = ^SABc[<t>] (24) 

where 

SA^...Ar,m = T2 J2 • (25) 

Now, by using (12), we can check that order term of (20) is satisfied and the higher order terms are given by 

^F(0[</.,G] _ 1 J^r('-i)[0,G] ^ (,) M 

JG^s " 2^^^ 56A56B + ^ G^B7A,Di.A^^,PQ7B,PQ ( ^ > 2 ) (26) 



p+,+r=I-2 



Note that the result of the operation Gab sP^b equal to multiplying each diagrams in F^'^ by the number of its 
propagators G. Eq.(26) is the central result of this paper. 

Before applying (26) to specific examples, let us show the two-particle-irreducibility of the Feynman diagrams of 
[0, G] by induction. For this purpose, let us assume that all the Feynman diagrams of the F('=)[(/),G](fc < are 
two-particle-irreducible. Since the operation 4-r which appears at the first term of right hand side (RHS) of (26) 
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changes only the vertex factors of the F'^'"'^^ G] which have 2PI Feynman diagrams by assumption ( see (32) and 
the second column of the Table 1 ), the first term of right hand side (RHS) of (26) consists of 2PI Feynman diagrams. 
The graphical representation of the second term of the RHS of (26) is given in Fig.l and let us note the following 
properties of the 7^*^) and A~^('=)(fc <l-2) which contribute to r(')[^, G]. 

(A) 7^B(7(A; < / — 2) has a one-particle-irreducibility so that it can not be divided by two separate parts by 
cutting any one of the lines (see (34) and the third column of Table 1). This follows from (23), where the 
operation ^ changes the vertex factors and the operation removes only one line from r(*'+^) which have the 
two-particle-irreducible Feynman diagrams by assumption. 

(B) A^]j'p^(fc < Z — 2) does not have a diagram of the type given in Fig.2 so that it can not be divided 
by two separate parts containing the index AB and CD respectively. In order to see this, first note that 
^AB coi^ < Z — 2) does not have a diagram of the type given in Fig.2. This follows from (23) such that if we connect 
the points A and B of with the propagator Gab and connect the points G and D with the propagator Gcd 
, then we should obtain the 2PI diagram. If A^^ have a diagram of the type given in Fig.2, this is impossible 
and hence A^^ qj-, does not have a diagram shown in Fig.2 (see (35) and the fourth column of Table 1 ). Now, 
in order to see that A^^^^ does not have a diagram of the type given in Fig.2 by induction, let us assume that 
^flS cr>("^ < — 1) does not have a diagram of the type given in Fig.2. By using (24), the perturbative expansion 
of the ^~AB^cD given by 

^AB,CD — '^AP'^BQ\'-^pQ^iiS^RS,CD ^PQ,RS^RS,CD ■■■ ^PQ,RS^RS,CD)- ' ) 

Since both the A^'^'' coi^ — ^'^'^ ^ab cd("^ < fc — 1) of RHS of the above equation do not have a diagram of the 
type given in Fig.2, A^^j^'^l^ does not have a diagram of the type given in Fig.2 also (see (36)). 

From the properties (A) and (B) given above, it is clear that one can not divide the second term of RHS of 
(26) given in Fig.l by two separated parts by cutting any two lines of the propagators. This completes the proof that 

all the Feynman diagrams of F*^'^ G] are two-particle-irreducible. 

Now, consider the I = 2 case of (26). In this case, the first term of (26) becomes 

7,^AB r-, [t' — ^ = -:Sabcd['I>]GabGcd (28) 

2 d(pAO<pB 4 

and the second term of (26) becomes 



Gab7%e^dTpQ^b!pQ = -jSADE[ct>]SBPQ [<f>]GABGDpGEQ (29) 



1 

■4^ 

In this paper we use the graphical representation where a line represents the propagator G and a n— point vortex have 
the factor Sa^.^.a^- Also a box with an capital letter represents the vertex which have indices that is not contracted 
with the propagators attached to it so that 

A..B 

rn = Sa..BP'Q' ..R'GpriGqqi ..Grri 

P Q R . (30) 

By substituting (28) and (29) into (26), we can obtain 

V^^\ct>,G\ = ~SAQR[ct>]SBSp[mABGpQGRS + \sABPQ[4>]GABGpQ= Q +i QQ . (31) 

In order to consider (26) in case of Z = 3, we first note that 

= ^^[-120 + sOO i = S^^-e ^© + sOO ] (32) 

1 1 A A 
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and 



<5r(2)[<^,G] 



5G 



AB 



= -4^ 



1 
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From (23), we also obtain 



AB 



IA,BC 



and 



'-^AB,CD 



= -2 



(PaSGbc 

52r(2)[,/,,G] 



4 ^v_J^ 



1 



From (35), we can obtain the order h term of the inverse of the A as 

I A B 
2 



-AO^^BD + ]^AD[^^BC ^^^^ 



^AS.CD ~ ^AB,PQ^PQ,RS^RS,CD 



III case of the three-loop effective action F^^^ , (26) becomes 



D 



A 



C 



B 
D 



'-A 
2 



B 



C 



1 



^2r(2) 



Gab — oGABj-j—rr- 
2 d(pAd(pB 



+ '^ab'1a,de^de,pq1b,pq + ^'^ab1a,de^de,pq1b,pq 



-1(1) ^,(0) 



(1) 



-1(0) ^,(0) 



By substituting (24), (32), (34) and (36) into (37), we obtain 



r(3)[<^,G] 



1 

"48 



+ 



1 



1 

24 



1 

12 



+ 



48 




Finally, in case of the four-loop effective action F^^', (26) becomes 



jrW[^, G] 

5Gab 



Gal 



A 52r(3) 



'^ia,pq^pq,rsib,rs + ia,pq'-^pq,rsib,rs 



-1(0) „,(") 



(1) 



-1(") „,(1) 



2 S(j)AS4> 

+'^^A,PQ^PQ,RS^B,RS + ^A,PQ^PQ,RS^B,RS\'^AB- 

Here 7(0), 7(1) and A-^f^) is given in (24), (34) and (36) and A'^^^) is given by 

A-i(2) = _a-i(0)a(2)a-iW -I- A-^(°)a(^)A-^(°)a(^)A-^(°) 



(33) 



(34) 



(35) 



(36) 



(37) 



(38) 



(39) 



(40) 



In order to obtain the RHS of (39), we need to evaluate 



2p(3) 



5^r 



,7^^) and A^^^ from T^^'^[(p,G]. We have considered 



only cubic and quartic vertices for simplicity and the results are given in Table 1. By substituting the results of Table 
1 to RHS of (39) we obtain 



F(4)[0,G] 



-I- 




+ 



48 48 
which agrees with the previous result given in [10]. 





12 

1 

~ 72 




(41) 



III. DISCUSSIONS AND CONCLUSIONS 



In this paper, we have obtained the recursion relation to obtain the Feynman diagrams of the CJT effective action 
by using the functional derivative identities. Wc have shown the two-particle- irrcducibility of the CJT effective action 
and have obtained a Feynman diagrams of the CJT effective action up to the four-loop order. The result agrees with 
the results obtained previously by extracting 2PI Feynman diagrams from the IPI effective action. The extension of 
the method we have used in this paper to the case of recursive generation of the Feynman diagrams of the effective 
action obtained from the higher order Legendre transformation of the generating functional is in progress. 
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TABLE 1. Contributions from each diagram of r(3)[(^, G] ( first column ) to ijfjS^,!^^^ and A^^). 



FIGURE CAPTIONS 
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Fig.l. Graphical representation of second term of RHS of (26). Here, a line represents the propagator Gab- 



Fig. 2. Type of a diagram which is not contained in Aab,cd and ^ab cd- 



